
Chapter 6

Fitting the Data

Equipped with the machinery described in the previous chapter, we are now ready

to begin examining the data directly. We fit the q2 distribution compiled from the

selected data events to a combination of the sources that we expect to be present,

including traditional b → u ` ν decays and backgrounds from b → c ` ν and fake lep-

tons. The novel component in the fit is a piece representing the contribution from

weak annihilation. Little is known about these decays, so we have devised our own

event generator based on a simple physical picture of the WA process. We create a

series of WA event samples by varying the parameters of the toy model, resulting

in several possible alternatives for how WA might appear in the q2 spectrum. The

results of the fit, using each version of WA in turn, provide a series of “measure-

ments” of the amount of WA present in the data, under different assumptions about

the basic physical characteristics of WA. The entire collection of results is used to

map out the relative size of WA effects in comparison to the nominal b → u ` ν
decays, as a function of the WA modeling parameters. Ultimately, the precision of

the measurement is limited by statistical errors, and we settle for placing limits on

the magnitude of WA effects.

6.1 Simulation of Weak Annihilation

We have no deep understanding of the dynamics of weak annihilation, but
there are some physical intuitions that we expect to hold, at least approximately.
In some fashion, we imagine the decay as an s-channel annihilation of the valence
quarks in a (charged) B meson, producing a charged W that subsequently decays
leptonically: B− ≡ (bū) → W− → `−ν`. A cartoon of this naive model is shown
in Fig 6.1. Under this approximation, the decay is essentially two-body, and the
lepton energy and four-momentum transfer q2 are maximal, E` = MB/2 and q2 =
M2

B. Annihilation events thus are concentrated in this corner of three-body phase
space. Departures from this simple picture are controlled by the kinematics of the
hadronic system X that has been neglected in this näıve quark-level picture. More
realistically, the light degrees of freedom that constitute the “brown muck” of the
initial meson survive the annihilation and materialize as an assortment of light
hadrons.

For lack of a better model, we view these effects as corrections to the main
intuition about annihilation. We have devised an event generator that simulates
B decays within this picture, controlled by two parameters. Given the absence of
real quantitative information about WA, there is no convenient way to tune the
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Figure 6.1: Diagram for model of weak annihilation in semileptonic B decay,
through annihilation of the constituent b and ū quarks. As pictured here, the
channel is only available to charged B mesons. In this cartoon, we imagine that
a final-state hadronic system might spring from the ever-present haze of soft
gluons.

input parameters of the model to any observed feature of the real world. Instead,
we are forced to generate different samples of WA for a range of model parameters,
and ultimately test each against the data in turn.

6.1.1 Model

Motivated by the simple physical picture described above, we implement a
toy model for weak annihilation that builds the decay almost entirely from the
kinematics of the light hadronic system. To generate an event, the mass MX and
momentum |~pX | are drawn randomly from a suitably “soft” distribution [114],
designed to respect the intuition that the hadrons derive from the cloud of soft
particles in the meson, with momenta at the scale ΛQCD ∼ 0.3 GeV. These choices
determine the kinematics of the W , from which the lepton and neutrino momenta
immediately follow, assuming the V − A coupling of the charged weak current
and a zero net spin for the hadronic system.1 To complete the simulation of the
“physics” of the decay, the system X is hadronized into a non-resonant collection of
mesons and baryons using routines from the standard CLEO simulation libraries.

This new event generation “model” is incorporated into the standard CLEO
simulation package, allowing for the simulation of complete BB events in which
one (or both) B’s can decay via weak annihilation.

We use the same probability distribution for both the mass and momentum of

1Pure phase space modeling for the W → `ν decay would result in a flat angular
distribution for the lepton and neutrino (in the W frame). Instead, the V − A current
favors one helicity state over another, which results in an angular distribution for the
lepton that is proportional to sin2 θW`. Here θW` is again the usual angle between the
lepton direction in the W rest frame and the W direction in the B frame.
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the hadronic system, parameterized as shown below.

P (x) dx =
1

Λ + x0

{

1 x ≤ x0

e−(x−x0)/Λ x > x0
. (6.1)

Fig 6.2 shows this probability distribution function (pdf) for one choice of the
parameters x0 and Λ. The distribution is flat (or “box”-like) for small x, but then
rolls off exponentially quickly with slope Λ above x = x0. This formulation allows
the hadrons some finite phase space, but confines them to states of low mass and
momentum with an exponentially strong barrier. Intuitively, we expect the cutoff
x0 to be of the order ΛQCD, since the final-state hadrons arise from the “brown
muck” in the parent B meson.
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Figure 6.2: The pdf used in the WA event generator, describing the distribution
of hadronic masses and momenta available for a given choice of parameters (x0,
Λ). For x/x0 < 1, the distribution is flat; above x/x0 = 1, it rolls off with
exponential slope Λ. For concreteness, the plotted pdf uses the choice Λ = 0.2.

Rather than imbuing the model parameters with actual physical significance,
we view them simply as knobs with which to influence the shapes of various kine-
matic distributions that result from the simulation. That is, a particular choice
(x0, Λ) has no intrinsic significance beyond the effect the pair has on more tangi-
ble characteristics of the simulation such as the average lepton energy or, say, the
dispersion in q2 around its mean. From this perspective, we consider the model
parameters as an index or convenient shorthand for the more meaningful physical
properties of the generated decays themselves.
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As constructed, the parameters of the pdf clearly do not control orthogonal
features of the hadronic kinematics, and a mapping onto physical characteristics
of the simulated decays is not necessarily unique. Within limits, x0 and Λ are to
some extent interchangeable—a sufficiently shallow rolloff (Λ large) from a narrow
box (x0 small) can substitute for a wide box (large x0) with a steeper rolloff (small
Λ), and vice versa. The subtle difference between the two knobs lies in how they
influence excursions from the average; for instance, a slow rolloff affects the width
of the hadronic mass distribution quite differently than a flat box of comparable
size that ends with a sharp rolloff.

For comparison purposes, Fig 6.3 shows the generator-level distributions of sev-
eral kinematic variables from a sample of simulated WA decays. Several different
samples are shown, all with a common choice x0 = 0.50 GeV, but with different
values for the rolloff Λ. The figures illustrate the general behavior that, as the
effective width of the underlying pdf becomes larger, the kinematic distributions
tend to relax or “slump” from tight peaks concentrated at the kinematic extremes
into broader, less prominent humps. In light of this pattern, we will sometimes
refer to small values of x0 and Λ as “extreme” or “compact,” based on the shapes
of the corresponding kinematic distributions. As we shall see later, when x0 and
Λ become large, WA effects become hard to distinguish from ordinary b → u ` ν,
but they also become less important since they are less concentrated in the high-q2

corner of phase space.
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Figure 6.3: Sample kinematic distributions for one value of the cutoff parameter,
x0 = 0.50 GeV. The different histograms in each plot correspond to different
values the rolloff parameter Λ, from 0.01–0.50 GeV. From left to right: hadronic
mass, lepton energy, and q2. A minimum mass cutoff of 2Mπ is imposed during
event generation to allow hadronization into a system of at least two particles.

6.1.2 Sample Generation

To explore the space of possible manifestations of WA as fully as possible, we
choose thirty different sets of model parameters (x0, Λ) and generate samples of
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100 K events for each. The full BB event generation and detector simulation is
applied, creating event samples that, again, look much like real data.

The parameter choices are taken as the pairwise combinations indicated below:

(x0, Λ) = {0.30, 0.40, 0.50, 0.60, 0.75}⊗ {0.01, 0.05, 0.10, 0.20, 0.30, 0.50} (6.2)

(Units on both parameters are [GeV].) The values are selected to probe both
extremes of the WA parameter spectrum, from tight, very compact distributions
to broad, slumped-out ones, while still respecting the intuition that the scale of
the problem is inherently set by the QCD scale, ΛQCD. Step size is not uniform,
but adjusted to explore more carefully the regions of parameter space expected to
more interesting. Note that due to the simulation requirement that the mass of
the hadronic system be sufficient for hadronization into at least two particles, the
practical lower limit for x0 is 2Mπ ≈ 280 MeV.

For bookkeeping purposes, the samples are denoted WA01–30. The mapping
from sample name to model parameters is given in Table 6.1, and illustrated graph-
ically in Fig 6.4, where we envision the parameter space of our model as a two-
dimensional plane, Λ vs. x0. Each generated sample corresponds to a unique point
in this plane. For visualization purposes, each sample is allocated a “bin” in the
2-D plane, with the generator parameters (x0, Λ) at the center of the bin. The
bin size is of no significance, although it helps illustrate the relative spacing of the
chosen parameter values. Note that although the mapping to model parameters
is unique, it may be the case that, for all practical purposes, two samples located
at different points in the plane may be nearly identical in all observable physical
characteristics; that is, different parameter pairings may produce identical physics.

6.1.3 Sample Characteristics

Although the thirty WA samples are formally distinguished by their generation
parameters, they are more usefully identified by the physical features they evince.
Some of the kinematic properties of each sample are tabulated in Tables 6.1–6.2,
which shows, along with the values of the model parameters used to generate each
sample, the mean and RMS spread of the lepton energy, hadronic mass, hadronic
energy, and q2 distributions, as well as the fraction f2.2 of the total WA decay
rate that lies above a lepton momentum cut of 2.2 GeV. These distributions are
prepared from the generator-level information available in the Monte Carlo.

There is a wealth of information in Tables 6.1–6.2, and we will return to them
repeatedly to take advantage of the many possible mappings from model parameter
space to other physical properties of the samples, such as average hadronic mass,
〈MX〉.

We introduce one technique for visualizing this information in Fig 6.5. Given
the WA parameter plane spelled out in Fig 6.4, we can can construct a three-
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Table 6.1: Properties of the first 15 WA MC samples. Units are GeV(2), except for the dimensionless fraction f2.2.

Sample Name x0 Λ 〈E`〉 RMS E` f2.2 〈q2〉 RMS q2 〈MX〉 RMS MX 〈EX〉 RMS EX

WA01 0.30 0.01 2.475 0.096 0.9993 24.358 0.452 0.289 0.023 0.342 0.043
WA02 0.30 0.05 2.452 0.102 0.9929 23.906 0.721 0.327 0.054 0.387 0.071
WA03 0.30 0.10 2.420 0.116 0.9646 23.265 1.193 0.376 0.103 0.452 0.120
WA04 0.30 0.20 2.351 0.163 0.8468 21.929 2.226 0.476 0.203 0.590 0.231
WA05 0.30 0.30 2.279 0.217 0.7190 20.570 3.244 0.573 0.308 0.734 0.348
WA06 0.30 0.50 2.131 0.324 0.5039 17.910 4.808 0.772 0.490 1.024 0.539
WA07 0.40 0.01 2.439 0.104 0.9885 23.649 0.707 0.341 0.043 0.412 0.069
WA08 0.40 0.05 2.418 0.111 0.9725 23.262 0.917 0.369 0.068 0.451 0.090
WA09 0.40 0.10 2.391 0.126 0.9292 22.704 1.329 0.409 0.110 0.508 0.133
WA10 0.40 0.20 2.327 0.170 0.8067 21.471 2.296 0.499 0.207 0.636 0.238
WA11 0.40 0.30 2.258 0.222 0.6758 20.118 3.255 0.595 0.303 0.778 0.346
WA12 0.40 0.50 2.119 0.326 0.4866 17.632 4.827 0.780 0.487 1.051 0.539
WA13 0.50 0.01 2.402 0.116 0.9521 22.905 0.998 0.391 0.071 0.487 0.098
WA14 0.50 0.05 2.384 0.123 0.9264 22.562 1.183 0.416 0.091 0.522 0.117
WA15 0.50 0.10 2.358 0.136 0.8765 22.050 1.536 0.452 0.126 0.574 0.154
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Table 6.2: Properties of the second 15 WA MC samples. Units are GeV(2), except for the dimensionless fraction f2.2.

Sample Name x0 Λ 〈E`〉 RMS E` f2.2 〈q2〉 RMS q2 〈MX〉 RMS MX 〈EX〉 RMS EX

WA16 0.50 0.20 2.298 0.179 0.7486 20.895 2.419 0.534 0.216 0.694 0.251
WA17 0.50 0.30 2.231 0.230 0.6284 19.632 3.341 0.625 0.311 0.828 0.355
WA18 0.50 0.50 2.097 0.330 0.4521 17.208 4.850 0.809 0.495 1.095 0.542
WA19 0.60 0.01 2.365 0.129 0.8958 22.175 1.288 0.441 0.098 0.560 0.128
WA20 0.60 0.05 2.349 0.136 0.8611 21.846 1.434 0.464 0.116 0.594 0.143
WA21 0.60 0.10 2.325 0.151 0.8127 21.367 1.757 0.497 0.148 0.643 0.177
WA22 0.60 0.20 2.267 0.191 0.6844 20.269 2.562 0.576 0.228 0.758 0.266
WA23 0.60 0.30 2.201 0.243 0.5745 19.045 3.458 0.665 0.323 0.890 0.369
WA24 0.60 0.50 2.077 0.332 0.4236 16.837 4.839 0.834 0.498 1.136 0.544
WA25 0.75 0.01 2.310 0.151 0.7773 21.071 1.699 0.518 0.141 0.673 0.170
WA26 0.75 0.05 2.293 0.161 0.7330 20.745 1.868 0.539 0.157 0.706 0.188
WA27 0.75 0.10 2.269 0.174 0.6844 20.296 2.126 0.570 0.183 0.753 0.216
WA28 0.75 0.20 2.212 0.212 0.5699 19.232 2.846 0.645 0.256 0.866 0.296
WA29 0.75 0.30 2.158 0.256 0.4944 18.211 3.620 0.719 0.340 0.977 0.388
WA30 0.75 0.50 2.037 0.342 0.3683 16.087 4.920 0.884 0.511 1.216 0.554
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Figure 6.4: “Map” from WA parameter space to WA sample name. Each of
the thirty WA samples is assigned a name based on the correspondence shown
above. Each bin in the two-dimensional Λ vs. x0 plane represents a single WA
sample; the coordinates of the midpoint of the bin are the values of the model
parameters used for that sample. The bin sizes simply reflect the step size as the
parameter is varied. Thus the WA01 sample is the most “extreme” WA sample,
located in the corner where both x0 and Λ are small. Later, it will become clear
that roughly diagonal lines (in the “↘” direction) delineate samples that are
in some ways equivalent, as measured in terms of “distance” from the WA01
extreme, while the orthogonal direction (↗) is, in some sense, the direction
of steepest variation between samples, since both x0 and Λ increase in that
direction. See main text and Fig 6.5 for more information.

dimensional plot comparing the value of some trait across all thirty samples by
plotting this quantity in the z-dimension across the x-y plane of WA parameter
space. The resulting plots give an instant feel, for instance, for the range of average
lepton energies covered by the parameter choices listed in Eqn 6.2, and also hint
at the similarities (and differences) between different samples. The plot of the
endpoint fraction f2.2 across the WA plane makes it clear that the samples range
from having less than half their rate above 2.2 GeV to cases where essentially all
of the rate lies in the endpoint region.

We also note that samples diagonally opposite in the NW-SE direction share
similar features, while those in the NE-SW direction are differ markedly along
these same measures. This trend is simply the realization of the earlier remark
that distinct points (x0, Λ) may lead to identical physics, to the extent that x0 can
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Figure 6.5: Graphical depiction of some of the properties of the thirty WA
samples, as a function of the model parameters x0 and Λ. The horizontal plane
corresponds to the “sample plane” introduced in Fig 6.4, one bin for each WA
sample. The vertical coordinate plotted for a bin represents the average quantity
for the events in the corresponding Monte Carlo sample. The clear trend is that
as the parameters of the soft PDF become smaller, the kinematics becomes
more tightly concentrated at the kinematic limits of high lepton energy, large
q2, and low hadronic mass. Not surprisingly, the fraction of the total rate in
the endpoint window E` > 2.2 GeV also increases. The plots help illustrate the
range of WA “physical parameter space” that is explored with our collection
of thirty samples, and also highlight the similarity between some samples that
deliver roughly similar mean values for the different physical parameters. Note
that the plot of 〈MX〉 is not viewed from the same three-dimensional perspective
as the others.
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be traded for moderate values of Λ with little change in the ultimate kinematic
properties of the sample.

These plots also make clear the limitations of our event generation scheme:
all of the trends are immediately clear and almost trivial; for instance, as the
average hadronic mass decreases, the mean lepton energy and q2 both increase,
along with the endpoint fraction f2.2. Our simulation framework doesn’t allow the
possibility for two samples to have the same average hadronic mass and lepton
energy but different mean q2. The fact that WA decays are fundamentally rooted
in the corner of phase space forces the kinematics to be inter-related in a very
causal, predictable way. In some sense, since the plots are simply alternative ways
of displaying features of the same thirty samples, again and again, any one plot
effectively determines all others by virtue of the mapping spelled out in Table 6.1.

6.2 Fitting Technique

The events that have been selected from the e+e− hadronic data sample are
expected to contain contributions from several different sources:

• Continuum e+e− → qq̄, τ+τ− processes

• BB events with at least one B decaying via B → Xc ` ν

• BB events with at least one B decaying via B → Xu ` ν

• Random hadronic events in which a signal lepton has been mistakenly iden-
tified when, in fact, none were present.

Our model of b → u ` ν does not directly include contributions from weak anni-
hilation; instead, we supplement the leading-order b → u ` ν prediction with our
simulation of WA contributions, thus representing the total b → u ` ν contribution
as a sum of two parts: a “traditional” b → u component as implemented in the
InclGen event generator, and a novel WA component prepared as described above.
With the various event samples that have been prepared (some simulated, some
extracted from other data, e.g. off-resonant or non-leptonic), we can make predic-
tions for how each source will appear in real data. But rather than attempting to
dead-reckon the absolute magnitude of each source, we employ a fitting procedure
that finds the optimal combination of all sources that best describes the patterns
actually observed in the data.

We refer to this optimization procedure as a “fit to the data.” In essence, the
fit determines the relative size of each source such that the sum over all compo-
nents matches the distribution observed in data, subject to the implicit statistical
uncertainties on both the data and our expectations. Another advantage of this



206

technique is that it simultaneously determines the amount of b → c ` ν, b → u ` ν,
and WA present in the data. A less sophisticated scale-and-subtract technique
would subtract the continuum, fake leptons, and b → c ` ν backgrounds, and the
expected b → u ` ν signal, and then identify any residual excess as weak annihila-
tion. This approach requires accurate predictions for the size of all contributing
sources, but, as has been made clear previously, such predictions are not always
available, e.g. for b → u ` ν. The use of a fit allows us to extract more information
from the data and rely less on external inputs.

The function of the fit is to adjust the relative scales of the various components
that we expect will contribute to the distributions we see in the data. The shape

of each contribution comes from detailed simulation or other measurements made
in data. The sole purpose of the fit is to determine how much of each source is
present. A key part of the output of the fit is an additional assessment of just how
well the final combination of scaled sources actually describes the data. If this
indicator suggests the fit is poor, we can interpret it as a sign that the sources do
not describe the data well, perhaps because some source contributing to the data
has been overlooked, or perhaps because the shapes of the expected sources are
wrong.

6.2.1 Fit Strategy

To perform effectively, the fitter must be given distributions that offer some
hope of discriminating between the different sources present in the data. Due
to the inclusive nature of the analysis, few kinematic variables are available, so
the choices are limited. Lepton momentum |p`| and q2 are traditionally useful
variables, and are particularly convenient for our purposes as well. Fig 6.6 shows
the generator-level distribution of q2 vs. lepton momentum for the three physics
processes in which we’re interested: b → c ` ν, b → u ` ν, and weak annihilation.
There is visible discrimination available in each variable separately, but there is
a clear potential for gain by using both variables simultaneously. The b → c ` ν
background has a limited reach in both the q2 and |p`| dimensions, very well-
separated from WA, while b → u ` ν fills the space between, but also has significant
overlap with b → c ` ν.2 The overlap cautions us that any estimate of the b → u ` ν
rate obtained in this way is likely to be sensitive to the detector simulation’s
implementation of reconstruction smearing and to the modeling of the b → c ` ν
background. On the other hand, it is clear that attempts to measure WA will be
much better insulated against such details.

Since we have finite data statistics, we cannot afford to bin the entire q2 vs.

2This poor separation is the crux of the b → u ` ν measurement problem: what fraction
of the b → u lies in the grey area beyond the reach of b → c? As we’ve seen, the difficulties
multiply when reconstruction effects are included.
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Figure 6.6: Generator-level distribution of q2 vs. |p`| for b → c ` ν, b → u ` ν, and
WA (from the WA01 sample). Discrimination using both variables is clearly
more powerful than use of either one singly. The relative normalizations of the
two samples are arbitrary; the figure is for illustration purposes only.

|p`| plane too finely. Instead, we identify three broad bins in lepton momentum
and use smaller 1 GeV2 bins in q2, where WA is expected to manifest itself most
clearly.3 The final binning in lepton momentum is given by

1.5 < |p`| ≤ 2.0, (6.3)

2.0 < |p`| ≤ 2.2, GeV

|p`| > 2.2.

For convenience, the distributions input to the fitter are actually three one-
dimensional q2 histograms, one for each bin of lepton momentum. We sum across
the CLEO II and II.V datasets blindly, assuming that the simulation properly
tracks any dataset differences.

As an aside, we note that while the continuum is a source of events with
high-momentum (real or fake) leptons, these events tend to lie at low q2. (This

3Note that while weak annihilation is also concentrated at high lepton energies, the
b → u ` ν spectrum piles up in the lepton endpoint region as well, so discrimination based
solely on E` is more difficult. In q2, however, simple kinematics causes the b → u ` ν rate
to fall off dramatically toward the kinematic limit, and any potential WA rate stands
out much more clearly.
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observation is the the chief motivation for the cut q2 > 2.) Thus the use of q2 in the
fit aids in making the measurement more robust with regard to these backgrounds.

6.2.2 Fitter Implementation

Consistent with the above list of sources, we expect the number of data events
(in any bin of any distribution, actually) to decompose as follows:

Ndata
.
= fcntm Ncntm + ffake Nfake + (6.4)

fbtoc Nbtoc + fbtou Nbtou + fwkan Nwkan

Here “
.
=” emphasizes the idealized nature of this claim. The number of “data”

events is the number of on-resonance events that pass all selection cuts and fall
into some given bin. On the right-hand side, the various terms fiNi represent the
scaled contributions from each source, where Ni is the number of events (weights)
that pass the same cuts for the selected bin, and fi is the overall scale factor
we seek to determine with the fit. In short, a determination of fi is equivalent
to a determination of the total rate associated with source i.4 Note we list the
contribution from the InclGen model of b → u separately from the contribution
from WA since they constitute “separate” sources in our model of the data; our
ultimate goal is to measure how much of the combination is from WA. As explained
previously, we use the the (scaled) off-resonance data as a proxy for the continuum
contribution to on-resonant data. Since the fake lepton contribution is determined
from a separate data sample, it is ON−αOFF-subtracted separately and only the
contribution that survives the subtraction is employed in the fit.

We implement a binned χ2 fit to determine fit fractions fi that scale the contri-
bution from each source. A fit statistic χ2 is computed by summing contributions
from all 3 × 30 bins,

χ2 =
∑

p` bins

∑

q2 bins

δχ2
i , (6.5)

where δχ2
i measures the weighted difference between the data and the sum of the

expected sources. For bin i, this is

δχ2
i =

(

Ndata
i − Npred

i

σi

)2

. (6.6)

4We actually decompose the source fraction fi into two pieces, fi = f ′

isi, where si is
our a priori best guess for the result of the fit, and f ′

i is the free parameter subject to
modification by the fitter. In this way, the fitter is always dealing with fit parameters of
order unity, and we can instantly gauge fit results in terms of how far they deviate from
our initial expectations.
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The number of predicted events in the bin is obtained by adding up the contribution
expected from each source, each with its own scale factor,

Npred =
∑

srcs j

fjN
(j) (6.7)

= fcntm Ncntm + ffake Nfake + (6.8)

fbtoc Nbtoc + fbtou Nbtou + fwkan Nwkan.

The error σi accounts primarily for the Poisson counting error on the data, but also
incorporates the (smaller) uncertainties on each of the expected distributions; these
arise from the finite statistics of the simulated data samples. That is, fluctuations
in the Monte Carlo-predicted spectrum can also be a cause of disagreement between
data and Monte Carlo-based expectation. The “weight” 1/σi for bin i is thus given
by

σ2
i = σ2

data +
∑

srcs j

(fj σj
i )

2. (6.9)

The fitting procedure seeks to minimize χ2 by iteratively searching the space
of all parameter values. We use the CERN package Minuit [85] to perform this
minimization. The results of the fit includes error estimates on the fit parameters,
and the terminal value of χ2, which measures essentially the (weighted) RMS
residual between the data and the appropriately scaled prediction.5

In the nominal fit, we fix the off-resonant and fake lepton contributions using
the scale factors obtained from luminosity and beam-energy dependent corrections,
as explained in Sec 5.5.2. We allow the scale of the b → c ` ν, b → u ` ν, and WA
components to vary independently with no constraints. In particular, since it is
possible that the weak annihilation contribution interferes with the traditional
b → u ` ν rate, we do not require fwkan to be positive.

For completeness, we provide the number of data events being fit along with
the predicted contributions from continuum and fake lepton backgrounds:

Ndata = 38025 ± 195
Ncntm = 3095.1 ± 78.7
Nfake = 352.9 ± 10.8

These counts are independent of background or signal modeling and detector sim-
ulation details, and so are identical in all fits.

5For independent Gaussian random variables Xi, the distribution of χ2 =
∑

i(Xi −
µi)

2/σ2
i is well-known. In the Gaussian limit of large numbers, we expect our fit statistic

to be distributed in the same fashion. Knowledge of the distribution allows for the easy
calculation of various probability or confidence assessments that can be used to gauge
the quality of the fit or the “likelihood” of lingering data versus prediction discrepancies.
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6.3 Results

Since we have thirty competing possibilities for how weak annihilation might
appear in data, we perform thirty different fits, each testing a different model of
WA. Comparing the fit results, we may single out some models as “better preferred”
or “less preferred” by the data than others, but the true purpose of the exercise
is to map out the amount of WA the data will accommodate over a wide range of
possible manifestations of WA.6

The raw results of the fit are estimates of the scale factors fi for each source.
These numbers are hard to interpret on their own, however, so we instead charac-
terize the fit results in terms of “raw fit yields,” given by

Yi = fiNi; (6.10)

these quantities estimate the number of true events from source i in the data that
survive all reconstruction cuts. That is, the number Yi is the fitter’s best estimate
for how many of the events in the pool of ∼38,000 data event can be attributed to
source i.7

An efficiency correction can be applied to the fit yields to obtain the “true”
number of events from source i in the data, before any selection cuts,

Y ′

i =
Yi

εi
. (6.11)

We do not report efficiency-corrected yields at this time.

6.3.1 Choice of Default b → c ` ν Model

Initial comparisons between the predicted and observed q2 spectra revealed a
significant inconsistency in shape in the lower half of the spectrum. These differ-
ences led us to implement several corrections to the default physics simulation in
the Monte Carlo, as described in Sec 5.9. Among the changes was an update to the
form factor description for B → D∗ ` ν decays; see Sec 5.9.4 and Ref [21]. Begin-
ning with the parameterization recommended by Lipeles [78], we found improved
agreement between the data and the re-weighted simulation. Finally, after some
further exploration, we adopted the curvature choice c = 0.35 for the coefficient
of the curvature term in the Isgur-Wise function ξ(w). As these changes do not

6Note: the word “manifestation” should not be confused with the word “infestation,”
although the latter may occasionally be appropriate!

7In the actual implementation, fi = f ′

isi, but Eqn 6.10 still holds: the fit yield is
given by the product of the fit parameter estimate f ′

i , the dead-reckoned scale factor si,
and the number of Monte Carlo events (weights) that survive all cuts.
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affect the predicted q2 spectrum at large values of q2, where the sensitivity to weak
annihilation is greatest, we feel this modification is warranted and unlikely to bias
our result. This assumption is tested as part of our assessment of b → c model
dependence; see Ch 7.

6.3.2 Sample Fit Projections

We can directly inspect the quality of a fit by looking at its predictions for the
spectra of variables not employed in the primary fit. In these projection plots, the
agreement between prediction and observation is inspected for distributions other

than the one(s) used in the fit. If the modeling of the sources is accurate, the
scaling obtained by fitting one aspect of the data should hold equally well when
other event properties are examined.

Figs 6.7–6.8 display such projections for the WA01 fit. Data distributions
for lepton energy, hadronic mass, cos θW`, and q2 are compared to the sum of
the scaled contributions expected from each participating source. Overall, the
agreement between observation and expectation is quite good.

The fit optimization is dominated by the b → c ` ν and b → u ` ν components,
implying that the thirty different fits are more similar than the discussion so far
might suggest. Most of the bins used in the fit have little or no contribution
from weak annihilation, while those with high statistics significantly constrain the
b → c ` ν and b → u ` ν yields, independent of the situation in the few bins where
WA contributes. The b → u and b → c fit results are thus expected to be reasonably
stable across different WA samples, since these differences are small corrections to
the results determined by the bulk of the data.

It is also clear that the different fits are not statistically independent, since the
same data is fit each time, using identical shape predictions for almost all sources
in each instance. Under these circumstances, the statistical errors on the fit results
are not the appropriate scale to use when comparing the differences between WA
fits.

Given the isolation of WA relative to b → c ` ν (see Fig 6.6), we expect the
influence of different WA samples on the b → c ` ν yield to be a second-order effect,
since it must couple in through influence on the b → u ` ν rate, which penetrates
into regions where one source or the other locally dominates the expected rate. The
simultaneous fit automatically takes these correlations into account in determining
both the central values of the fit parameters and the corresponding statistical error
estimates.
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Figure 6.7: Fit projections for the WA01 fit. Using the results of the fit to the q2-
|p`| distribution explained in the text, we scale the various sources expected to
contribute to the data, and examine the agreement in shape and normalization
in other dimensions. From top left, clockwise: full q2 spectrum, with only the
nominal cut |p`| > 1.5 GeV applied, lepton energy E`, reconstructed hadronic
mass M2

X(max), and reconstructed angle cos θW`. The histograms (also listed
in the legend of the first plot), from the bottom of the stack to the top, are:
b → u ` ν, b → c ` ν, estimated fake lepton background, estimated continuum
background, and weak annihilation; the latter is too small to be visible on these
scales. The order and colors are the same for all four plots. Data are represented
by the points with error bars. Statistical errors on the contributing sources are
not shown.
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Figure 6.8: Fit projections for the WA01 fit, background-subtracted. The scaled
contributions from b → c ` ν, fake leptons, and the continuum have been sub-
tracted from the data using the prediction from the fit. The remaining data are
compared to the sum of the b → u ` ν and WA sources. The color convention
is identical to the preceding figure. The data indicate a significant and robust
signal for b → u ` ν.
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6.3.3 Full Results

The raw results of each fit are translated into fit yields and displayed in Ta-
ble 6.3, along with the value of χ2 for each fit.

We also perform a fit with the parameter fwkan fixed at zero. This case serves
as one assessment of the relevance of a WA component in describing the data. The
χ2 of the best fit that includes WA is 101.9 for 81 degrees of freedom; without the
WA component, the χ2 statistic increases to 105.1.

Presenting these results in some graphical form is important for identifying
and interpreting patterns or other features of the data that are not obvious in
tabular form. Earlier, we introduced a method for visualizing the properties of
all samples at once, constructing a three-dimensional space based on the two-
dimensional parameter plane of our WA model. This representation is still tied to
the values of the model parameters rather than physically meaningful properties of
the WA samples; a strong connection between fit result and the physical properties
of WA is still lacking.

To meet this need, we have developed an alternative presentation we describe
as a “parametric plot.” Briefly, the rows and columns of Table 6.1 provide a 1:1
mapping between WA sample and more tangible traits such as mean lepton energy.
Rather than associating a fit result with the choice of model parameters (x0, Λ),
we can instead match it to some other physical characteristic of the sample like
〈E`〉 or 〈MX〉. Instead of plotting the fit yields as a function of “sample name,”
then, we plot them as a function of one such selected quantity. Representations of
the fit yields using hadronic mass as the index across the thirty samples and fits
are shown in Fig 6.9.

6.3.4 Remarks on the Results

Features of the WA Yield

We observe first that the WA yield is statistically consistent with zero for all
samples. A more striking feature is the dip in the central values at intermediate
values of the average hadronic mass. This pattern is a reflection of an artifact in
the data that is consistent with a statistical fluctuation in only a few bins of q2.
Nonetheless, the mechanism by which this feature induces the shape in the WA
yield curve offers insight into the character of the fit, as we now describe.

Very close to the physical endpoint of the q2 spectrum, we note a slight “bump”
in the data after a series of bins with declining statistics. It lies above the bulk
of the b → u ` ν rate and coincides with the expected location of weak annihila-
tion. Fig 6.10 highlights this excess by selecting events with |p`| > 2.2 GeV, and
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Table 6.3: Raw fit yields resulting from the fits to thirty different possible versions
of weak annihilation. For comparison, a fit which includes no WA component
is included in the last line of the table. There are 81 degrees of freedom in the
WAnn fits.

Sample Name Nbtoc Nbtou Nwkan χ2

WA01 33249.2 ± 242.2 1299.9 ± 131.2 21.38 ± 12.06 101.92
WA02 33245.5 ± 242.4 1305.3 ± 131.8 17.29 ± 13.41 103.40
WA03 33240.1 ± 242.6 1312.6 ± 133.0 12.26 ± 15.18 104.41
WA04 33245.6 ± 243.3 1302.4 ± 136.5 16.57 ± 20.71 104.42
WA05 33251.9 ± 244.0 1289.3 ± 140.9 22.81 ± 26.64 104.33
WA06 33255.7 ± 244.3 1270.9 ± 147.7 36.50 ± 39.30 104.20
WA07 33241.8 ± 242.4 1310.5 ± 132.1 13.87 ± 13.65 104.03
WA08 33237.2 ± 242.6 1317.0 ± 132.8 10.07 ± 14.81 104.60
WA09 33234.8 ± 242.9 1320.2 ± 134.3 7.97 ± 16.87 104.84
WA10 33243.1 ± 243.7 1305.8 ± 138.4 14.52 ± 22.88 104.66
WA11 33252.9 ± 244.2 1286.2 ± 142.6 24.79 ± 29.25 104.34
WA12 33261.0 ± 244.8 1260.0 ± 151.1 41.55 ± 42.17 104.09
WA13 33235.8 ± 242.8 1318.9 ± 133.6 8.76 ± 15.90 104.76
WA14 33233.9 ± 243.1 1321.4 ± 134.9 7.21 ± 17.59 104.89
WA15 33235.0 ± 243.4 1319.5 ± 136.7 7.86 ± 19.76 104.90
WA16 33246.6 ± 244.0 1299.3 ± 140.3 17.41 ± 25.02 104.58
WA17 33256.6 ± 244.4 1277.7 ± 144.5 29.07 ± 31.62 104.21
WA18 33278.3 ± 244.9 1218.9 ± 154.1 65.67 ± 46.73 103.08
WA19 33236.9 ± 243.4 1316.8 ± 136.3 9.06 ± 19.21 104.84
WA20 33238.3 ± 243.7 1314.3 ± 137.7 10.11 ± 20.90 104.83
WA21 33239.7 ± 244.0 1311.6 ± 139.5 11.26 ± 23.13 104.82
WA22 33260.4 ± 244.7 1274.6 ± 144.2 28.77 ± 29.32 104.10
WA23 33274.5 ± 244.9 1242.3 ± 148.4 47.27 ± 36.29 103.36
WA24 33278.5 ± 245.1 1213.1 ± 158.1 70.06 ± 51.54 103.21
WA25 33246.8 ± 244.3 1299.8 ± 141.1 16.42 ± 24.87 104.62
WA26 33253.3 ± 244.8 1288.3 ± 143.9 21.35 ± 27.61 104.46
WA27 33261.2 ± 245.0 1273.5 ± 145.3 28.64 ± 29.85 104.14
WA28 33275.2 ± 245.6 1242.4 ± 151.2 45.18 ± 37.45 103.60
WA29 33283.9 ± 245.6 1216.4 ± 155.5 62.04 ± 44.50 103.11
WA30 33287.6 ± 245.1 1181.4 ± 162.3 91.46 ± 57.82 102.55
No WA 33223.8 ± 241.8 1336.9 ± 129.6 — 105.06
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Figure 6.9: So-called “parametric plots” of the raw fit yields. Each of the thirty
WA samples has an associated average hadronic mass; these are used as the x-
coordinate in a scatter plot of the fit yields. Clockwise, from upper left: b → c
yield, b → u ` ν yield, and WA yield. Error bars are statistical, dominated by
the errors on the data. Note the exaggerated scales. Fits for different samples
are not statistically independent, as all but one of the sources remain unchanged
between fits.
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subtracting all contributions to the data except for the b → u ` ν and WA compo-
nents. The shape of the WA yield curve arises as follows. Recall that, based on the
construction of the WA model, samples with larger average hadronic mass have
lower mean values of q2. The implication from the WA yield curve is that samples
with average q2 in a particular range are disfavored by the data, while those with
a higher mean q2 are more favorable. This effect is in fact the obvious consequence
of the pattern just identified in the data spectrum. Only WA samples sufficiently
localized at high q2 can accommodate the dip-and-bump properly; samples that are
too broad extend down from the kinematic limit and suffer the severe constraint
imposed by the low data bins. Only the most extreme WA samples vanish in this
region while contributing usefully to the bump. This explanation accounts for the
downward trend of the WA yield curve as the average hadronic mass increases.

The eventual upward trend in the WA yield as the WA samples continue to
“slump” out even more from the kinematic endpoint is simply the result of confu-
sion with the b → u ` ν rate that contributes at lower q2. As the two sources merge,
they become more difficult to distinguish, and some b → u rate can be traded for
a net increase in the WA rate. For sufficiently broad samples, this effect begins
to dominate the penalty imposed by the “constriction” in the data just below the
bump at high q2.

This scenario is reinforced by the demonstrative plots in Fig 6.10, which illus-
trate directly how the expected WA contribution migrates down from high q2 as
the sample index is varied. It is precisely when the WA contribution crosses into
the region of low data bins that the WA yield drops to its minimum, and then,
as the WA contribution spreads into the region where the b → u ` ν rate can offer
some assistance, the yield begins to recover.

Given the limited data statistics, we assign no real significance to the presence
of the “feature” in the data, beyond its significant influence on the WA yield. It is
interesting to note, however, that when we sub-divide the data into e-only and µ-
only samples, we find that the feature persists in each subsample. When the data
are instead separated into CLEO II and II.V samples, we find that the feature
is evident in the II.V subsample, but not particularly discernible in the CLEO II
subsample. Note that the statistics of the CLEO II.V sample are twice that of
CLEO II. These explorations are shown in Fig 6.11.

We note that the artifact in the data is consistent with a fluctuation of only a
few bins; we estimate the probability of such a fluctuation for these bins to be as
large as 2 × 10−3.8 Further investigation of possible mechanisms or backgrounds

8This estimate is computed as the Poisson probability for the expected yield in the two
bins 25 ≤ q2 < 27 GeV2 in the q2 spectrum (with |p`| > 2.2 GeV) to fluctuate up to the
yield observed in the data. We include the scaled continuum and fake lepton backgrounds
and the expected b → c and b → u components in our calculation. We take the 1σ upside
error on the sum as a conservative estimate of the total number of events expected. (In
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Figure 6.10: q2 distribution in data for high momentum leptons, |p`| > 2.2 GeV.
The b → c ` ν, continuum, and fake lepton backgrounds have been subtracted
from the data, leaving only the b → u ` ν and WA sources. A slight excess
in the region of q2 ∼ 25 GeV2 explains the unusual shape of the WA yields.
Compact, localized versions of WA can accommodate this bump well without
being constrained by the low spot in the data nearby at slightly lower q2. As the
WA q2 shape “relaxes” and spreads out in q2, it is more tightly constrained by
the data and the yield decreases. For sufficiently broad WA models, the yield
increases again because it begins to overlap significantly with b → u ` ν, and the
fit substitutes some of the WA for b → u. The results of the three WA fits are
shown from left to right, demonstrating this effect. The WA01 sample (left)
shows a nice accommodation of the bump, while the WA08 sample (middle) is
subject to the full force of the constraint provided by the low data bins. In the
final WA30 fit (right), a larger WA yield can be accommodated because the q2

shape is so broad, and some rate can be borrowed from b → u ` ν.

that might lead to this excess is limited by our q2 resolution, σq2 . 1 GeV2. We
note, however, that backgrounds at high q2 and high lepton energy are generally
expected to be quite small.

Stability of Results

The quality of the fit is excellent, and we find results for the yields that are
consistent with expectations. (We estimate the expected b → u ` ν yield from the
recent CLEO endpoint measurement [128], extrapolated to the full rate with the
use of the newbsg InclGen sample.)

essence, the question reduces to the likelihood that an expected yield of 11.86±3.55 will
fluctuate to 28.00± 5.23 or more. The standard calculation, employing the central value
of 11.86, results in a probability assessment of 5× 10−5, but given the finite precision on
our expectations, we use the more conservative λ = 11.86 + 3.55 = 15.41 to obtain the
10−3 figure quoted in the main text.)
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Figure 6.11: Exploration of “bump” region in data, at high q2 and lepton mo-
mentum, |p`| > 2.2 GeV. The top row shows the result of e-only and µ-only
fits (left to right); the bottom row shows a subdivision into CLEO II (left) and
II.V (right) datasets, again with new fits. We suggest tentatively that while the
feature is persistent, it is consistent with a statistical fluctuation in the data;
see main text. The WA01 sample is used for the fit.
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Further discussion of the fit robustness is deferred to Ch 7, where systematic
error assessment, consistency checks, and model dependence will be described in
more detail.

6.4 Impact for a b → u ` ν Measurement

The real goal of this analysis is to measure (or bound) the extent to which an
overlooked contribution from weak annihilation can ultimately affect extractions
of |Vub|. Traditional inclusive b → u ` ν analyses extract partial rate measurements
from some restricted region of the full space, and then use prescriptions from
theory to determine |Vub|. The measured rate includes some contribution from
WA, but the current theoretical predictions do not; the impact of this discrepancy
is precisely what concerns us here. Typically, the backgrounds from b → c ` ν and
the continuum receive considerable attention, since they dominate the b → u signal
in almost every regime. Weak annihilation, however, is an instance where, although
the total rate is small, its relative importance is highly dependent on the part of
phase space to which the analysis is sensitive. For example, as we’ve seen, the
contribution from WA and similar higher-dimension operators could be as large as
10–20% of the small amount of the b → u ` ν rate to which an endpoint analysis is
sensitive.

The task remaining is the translation of the measurement of the WA yields
into statements about the potential impact for b → u ` ν measurements that do
not consider weak annihilation.

6.4.1 Quantifying the Notion of “Impact”

We measure the potential influence of WA effects with a correction factor of
the form ΓWA/Γbtou that is based in part on our detailed fit results and in part
on the generator-level information available in the simulation. Here, we use Γbtou

to mean the true b → u ` ν rate; in the context of our analysis, this rate is given
by the combination of the rates from the InclGen and WA models, in the ratio
dictated by the data.

Since the contribution of WA to the total rate is already known to be quite
small, we instead specialize to a few prototypical analyses that sample only a
limited portion of phase space, where the WA effects are likely to be significantly
enhanced. More specifically, we identify three regions of b → u ` ν phase space that
have been used in recent inclusive |Vub| measurements:

Endpoint The selected region of phase space is |p`| > 2.2 GeV. Recent analyses
at CLEO [128], BaBar [129], and Belle [130] have used regions similar to this
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one. Measurements made using the InclGen b → u ` ν simulation show that
such analyses sample approximately 19.6% of the full b → u ` ν rate.

q2 and MX The phase space boundaries are determined by |p`| > 1 GeV, q2 >
8 GeV2, and MX < 1.7 GeV, used in a recent Belle analysis [133]. These
cuts select about 43.5% of the total rate.

MX The accepted phase space is bounded by |p`| > 1 GeV and MX < 1.55 GeV,
as used in a recent measurement released by BaBar [131]. These cuts select
76.8% of the b → u ` ν rate.

The lepton endpoint analysis is the least inclusive (and most subject to WA con-
tributions), while the MX analysis is the most inclusive.

We define an “impact ratio” for each of the archetypical analysis cut-sets, cal-
culated at generator-level from our simulated b → u and WA samples, but scaled
according to our fit results. We introduce a quantity Ra for cutset {a} as follows:

Ra =
Nwkan

a, MC

Nwkan
a, MC + N btou

a, MC

, (6.12)

where the new notation N i
a emphasizes that these “yields” are not those obtained

directly from the fit results. Instead, they measure the number of events that pass
the given phase space cuts {a} imposed at generator-level, but scaled as determined
by the fit to the data:

Nwkan
a, MC = fwkan Mwkan

a (6.13)

N btou
a, MC = fbtou M btou

a . (6.14)

The scale factors fj are identical to those used previously, and the numbers Ma are
the generator-level yields for the phase space acceptance cuts of analysis a (using
the data luminosity as a common normalization). In effect, this quantity gauges
the “impact”, at generator-level, that weak annihilation effects have on an analysis
using cuts {a} and a default b → u Monte Carlo model that does not include WA
effects. Since the ratio makes a statement about the underlying relevance of WA
at the physics level, it is independent of the efficiency and resolution issues for a
particular analysis.

6.4.2 Impact Ratios

For each version of WA, we compute three impact ratios Ra, for a = {Endpt, q2

and M2
X , MX only}. Parametric plots of these quantities with statistical errors are

shown in Fig 6.12. The correlation between the WA and b → u yields (fit fractions)
is properly included in the error.
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The variation in the impact ratio across WA samples is dominated by the
variation in the WA yield, since the b → u yield is fractionally far less sensitive to
different versions of WA. Hence the general features of the plots in Fig 6.12 are
reminiscent of the WA yield curve shown previously.

We delay presentation of the numerical results for each sample until after a
discussion of sources of systematic errors and attempts to estimate residual model
dependence.

6.5 Fit Summary

We conclude this chapter by reviewing the basic results. A simple model for
the kinematics of weak annihilation has been devised, and by varying modeling
parameters, we obtain thirty different possibilities for how WA effects might ap-
pear. We use a binned χ2 fit to the observed q2 spectrum in data to determine
the relative normalizations of all expected contributions. We obtain reasonable
results.

For the “extreme” WA samples that are concentrated at high q2, the weak
annihilation yield is about 1/2 of the 3% figure discussed in the literature. Further,
we find that that data slightly disfavors versions of WA that are not localized in
the extreme endpoint of the q2 spectrum, likely the result of a simple statistical
fluctuation.

We apply the results of the fit to assess the relative importance of WA effects
to three different sets of prototypical cuts that might be employed in an inclusive
b → u ` ν analysis, and find that, across all of the different versions of WA, these
contributions are statistically consistent with zero. An endpoint-style analysis is
judged to be more sensitive than an analysis employing q2 and MX cuts, while
an analysis imposing only a hadronic mass cut is even less sensitive. Nonetheless,
based on the central values returned by the fit, the impact for a |Vub| measurement
(for which the correction factor scales as

√

ΓWA/(ΓWA + Γbtou)) is determined to
be less than 10% in even the most conservative estimation.

In the next chapter, we explore the sensitivity of these results to features of
the detector simulation and the modeling of the various neutrino reconstruction
backgrounds.
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Figure 6.12: Parametric plots of impact ratios, measuring the relative size of WA
and b → u contributions to an analysis using a particular set of cuts on b → u ` ν
phase space; see main text for full discussion. Clockwise, from upper left: lepton
endpoint cuts, q2 and MX cuts, MX -only cuts. Error bars are statistical. The
shapes of these curves is largely determined by the shape of the WA yield curve
seen in Fig 6.9. Naturally, the most inclusive MX -only analysis is least affected
by WA contributions.


